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1. Introduction 

Lattice QCD supplied with chiral perturbation theory is a powerful non-perturbative tool 
to analyze the structure of QCD in the confinement regime. It has been realized that 
lattice simulations performed at unphysically large quark masses can be extrapolated sys- 
tematically to the physical limit based on functions derived in chiral perturbation theory 
or extensions thereof, see e.g. [1, 2]. Many observables like the pion mass, nucleon form 
factors and so on have been discussed in the literature, we focus here on the simplest bary- 
onic two-point functions, namely the masses of the ground state octet. While there is still 
on-going debate about the precise implementation of such schemes in terms of regulator 
prescriptions and the corresponding resummation of classes of higher order terms (see e.g. 
the discussions in Refs.[3, 4, 5, 6]), there is little controversy about the inherent useful- 
ness of such studies. This is documented by the excellent fits one obtains for the quark 
mass expansion of the nucleon mass applied to two- flavor simulations, which typically have 
pion masses larger than 400 MeV, see e.g. [7, 8, 9]. It should also be pointed out that 
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such two-flavor studies can be constrained by chiral perturbation theory analyses of pion- 
nucleon scattering, since these ahow one to pin down some combinations of the low-energy 
constants (LECs) appearing in the quark mass expansion of the nucleon mass. Recently, 
detailed finite size studies for the nucleon mass {Np = 2) have also become available [10] 
^. Still, simulations at lower quark masses are needed to further sharpen these analyses. 

The situation is entirely different in the three-flavor sector {Np = 3). Only recently a 
large lattice effort was initiated to study tree-flavor dynamical QCD [12], and it will take 
some time before detailed results are available. In the meson sector, one has little doubt 
that chiral perturbation theory can be applied, although there are speculations of a strong 
flavor dependence of certain order parameters [13]. In the baryon sector, the issue of the 
convergence of the chiral expansion is not settled, but it is fair to say that more higher 
order calculations are needed for a final clarification^ . Calculations of the nucleon (baryon) 
mass(es) to third and fourth order in various variants of chiral perturbation theory have 
been performed, see e.g. [15]-[27]. It is obvious that for reliable extrapolation functions 

3 /2 

for the baryon masses one has to go beyond the leading non-analytic terms ~ '^quark' 
because these do not even provide a reliable extrapolation function for two flavors. It is 
thus mandatory to consider at least the terms quadratic in the quark masses. This will 
be the topic of the present paper. In contrast to the earlier work [18], we perform the 
calculation in a Lor entz- invariant framework based on the so-called infrared regularization 
(IR) [25]. Furthermore, we also include all strong isospin breaking effects ~ m„ — 
up-to-and-including fourth order in the chiral expansion. Concerning the inclusion of the 
spin-3/2 decuplet, we follow exactly the lines of [5], were it is discussed how such effects 
can be absorbed in the values of certain LECs. We are well aware that present day lattice 
studies are far from reaching the required accuracy to resolve these fine effects, but we 
hope that the representations given here will become useful in the future. 

The manuscript is organized as follows. The effective Lagrangian underlying our calculation 
is briefly presented in Section 2. The calculation of the baryon masses is outlined in 
Section 3 and the resulting quark mass expansions of the octet ground state masses are 
collected in Section 4. To constrain combinations of the appearing low-energy constants, 
we perform matching to the SU(2) case in Section 5. Sigma terms are discussed in Section 
6. We briefly summarize in Section 7. The appendices contain the representation of the 
baryon masses in terms of the Goldstone boson masses and one-loop integrals, a general 
discussion of the quark mass dependence of tadpole diagrams, and the /3-functions related 
to the renormalization of the one- loop graphs. 

2. Effective Lagrangian 

In this section, we collect the terms of the effective chiral Lagrangian underlying our cal- 
culation. We only display the terms relevant to the topic under investigation and keep 

^Note that in this paper we will only be concerned with unquenched lattice QCD, for a study of nucleon 

properties in partially quenched QCD sec [11] and references therein. 

^For a recent discussion about the onset of the chiral regime, see e.g. [14]. 
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the discussion as brief as possible. We employ the standard power counting in which 
external momenta count as order p (more precisely meant are meson four- and baryon- 
three momenta), whereas a quark mass insertion is booked as 0{p'^). Here, p denotes a 
genuine small parameter. Our calculation includes all terms up-to-and-including order 
from the effective Lagrangian (one-loop approximation). The chiral limit is defined by 
rriu = rrid = rng = 0, where niu {md,ms) denotes the up (down, strange) quark mass. 
The basic fields in our effective Lagrangian are the eight pscudoscalar (Pseudo-)Goldstone 
bosons {ir^ , TT^ , K"^ , , K'^ , rj) chirally coupled to the octet of the spin-1/2 baryons. The 
effects of the spin-3/2 decuplet are included in the low-energy constants appearing at the 
various orders. 



2.1 Meson Lagrangian 

First, we consider the mesonic Lagrangian [28]. The current quark mass matrix M = 

diag(m„, md, rus) is contained in the external source x = 2B{s{x) + ip{x)), s{x) = Ai + . . . 
and B = \ {0\qq\0)\/ measures the strength of the quark condensate in the chiral limit. 
To one-loop accuracy, the pertinent effective Lagrangian includes terms of chiral dimension 
two and four, 

jC^s = jO.^^^ + jO^^^ . (2.1) 

The relevant terms are given by 

£(2) = + ^Tr {x+} , (2.2) 



+ L4 TV {ui.ui'} Tr {x+} + L^Tr {u^u'^x+} + ^6 [TV {x+}? 
+ L7 [IV {x-}f + Ls^Tr {x+x+ + X-X-} , 



(2.3) 



with 



iu^dfjUu^ ^ 0{p) , x± = i^X^ ux^u ^ 0(j? 



(2.4) 



Here, is the pseudoscalar decay constant (in the chiral limit) and the trace "TV" refers 
to flavor space. The Lj arc low-energy constants, they are in general scale-dependent and 
absorb the infinities generated by the one- loop graphs. The pseudoscalar Goldstone fields 
(^ = TT, rj) are collected in the 3x3 unimodular, unitary matrix U, 



U{<t>) = v?{<t>) = exp{z</./i?;} , 



(2.5) 



with 



V2 



^ J_yrO I J_„ 



TT 

K- 



7r+ K+ \ 



(2.6) 
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in terms of the physical fields without ir^ — rj mixing. Under 811(3)^x811(3)/?, U transforms 
as [/ — > f/' = LUR\ with L,R € 811(3)^^^2. The neutral pion and the eta mix, the physical 
fields are related to the pure SU(3) components via 



cos e sm e \ / (f>s 
sin e cos e 



(2.7) 



The (lowest order) mixing angle can be fixed from the condition that the second order 
expression for the meson self-energy is diagonal. 



.(2) 

■J n 



.(2) 
-J n 



0, 



(2.8) 



resulting in 



tan2£ = VS 



rrid - mu 



rud - ruu 



2ms 



rrin 



rrid 



rus 



m 



(2.9) 



where m = (m^ + m,d)/2 is the average light quark mass. Numerically, the mixing angle is 
quite small. Note that the effect of further mixing with the rj' is contained in the numerical 
values of some of the low-energy constants. From this, one reads off the leading terms in 
the quark mass expansion of the meson masses (as denoted by the bar). 



Ml+ = B{mu + rud) = 2Bm , 

rriu + md + ms , m„ -I- — 2ms 



Mlo 



= 2B 



2B 



K+ 



Ml, 



3 

2m + mg 



+ 



+ 



m — mg 



cos(2£) + ^{mu - md) sin(2£) 



cos(2£) 



B (m„ -I- ms) = B 

B {md + ms) = B 

mu + md + ms m„ - 2ms 



m -1= tan(2£) (ms — m) -|- mg 

v3 

m -I — — tan(2£) (ms — m) + ms 
v3 



= 2B 



2B 



3 

2m -I- ms 



cos(2£) —{mu - md) sin(2£) 



m — ms 



cos(2£) 



(2.10) 



and by CPT M^- = M^+, M^o = Mj^o. The complete one-loop expressions for the tt"*" 
and K'^ are collected in Appendix A. Note that in the following we use the charged pion 
and kaon masses as our reference values. If we use Eqs. (2.10) together with the leading 
isospin violating corrections ~ m„ — m^ and ~ , where the latter are the electromagnetic 
effects, to relate the Goldstone boson to the the quark masses, we get e = 1 • 10-2. This 
justifies expanding all functions of e in powers of this small parameter to the appropriate 
order, as will be done in what follows. 
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2.2 Meson-Baryon Lagrangian 

The ground state baryons with = are cohected in the SU(3) matrix 



B 



(2.11) 



in terms of the physical fields without A — S*^ mixing. It turns out convenient to diagonalize 
the second order baryon self-energy contribution with the help of the lowest order mixing 
angle e in Eq. (2.9). Note that to higher order in the chiral expansion the concept of a 
unique A — S'^ mixing angle breaks down, which calls for the introduction of two different 
angles. Under chiral SU(3)xSU(3), B transforms as any matter field, B ^ B' = KBK^, 
with K(U, L, R) the compensator field representing an element of the conserved subgroup 
811(3);/ • The corresponding effective meson-baryon Lagrangian contains terms of even and 
odd dimension, 

AfF = + £(2) + £(3) + £(4) ^ (2.12) 
to the accuracy required here. The form of the lowest order Lagrangian is standard, 

£« = TV{B(z7'^L>^-mo)S} + :^TV{B7VK,S}} + f'IV{B7VK,S]} , (2-13) 

with D ~ 0.81 and F ~ 0.46 [29] the two axial-vector couplings. is the chiral covariant 
derivative. For our analysis it suffices to use = d^. Furthermore, mo is the average 
octet mass in the chiral limit. This large mass scale, which is of the order of the scale 
of chiral symmetry breaking, A^ 2± 47rF7r, requires special treatment as detailed below. 
At dimension two, we have considerably more terms (for the construction principles see 
[30, 31, 32]) 

£(2) = b^Tr {B {x+, B}} + bpTr {B [x+, B] } + boTr {BB} Tr {x+} 
+ biTr {B [u^, [n^ B]]} + 62TV {B {u^, [u^', B]}} 
+ 63TV {B {u^, {uf", B}}} + b^Tr {BB} TV {u^n'^} 

+ I (tV {5i7^ [u„ [n,, [D^ B]]] } + Tr {Bij^^ [D,, [n^ [n^, B]]] } 
I (Tt {uu, [D^, B]}]} + TV [D., {u^ [u^, B]}]}) 



+ 



+ ^ (tV {i?i7^ {n^, {u,, B]}}} + Tr {Bi^^ [D,, {u\ {n^, B}}]] 



2 

+ b^i:T{Bir [D.,S]}Tr{nX} 
69 



+ ^ (iV {Bu^,} i7'^'IV {u, B]} + TV {Bu,} i^^'Tr {u^ [D^ , B]} 

+Tr{5[L>^,u^]}z7^TV{u^5} + Tr{5«^}z7^Tr{[L»^,«^]S}) . (2.14) 

The LECs 6j (i = 0, D, F, 1, . . . , 4) have dimension mass^^, whereas the bj (j = 5, . . . , 9) 
have dimension mass~^. The first three of these terms ~ 5o d,f stick out since they 
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parameterize the explicit symmetry breaking and contribute already at tree level to the 
masses and the corresponding sigma terms. All other terms only play a role in the fourth 
order loop graphs. Note that we have more terms than were given in [18]. There, all terms 
with one or two covariant derivatives were absorbed in the structures ~ ^1,2,3,4- This can 
be done as long as one works for a set of fixed quark masses. For our purpose, we need 
to retain all terms that lead to structures of different quark mass dependences. A more 
detailed discussion of this topic is relegated to App. B. We also note that the complete 
minimal meson-baryon Lagrangian can be found in Ref.[32]. We have no contribution from 
the dimension three terms, thus 

jC^^^ = . (2.15) 

Finally, there are tree contributions from the dimension four Lagrangian (we have per- 
formed a relabeling of the last two terms as compared to [18]) 

£(4) = diTT{B[x+,[x+,B]]}+d2TT{B[x+,{x+,B}]} 
+ d3TT{B{x+,{x+,B}}} +d^TT{Bx+} Tv{x+B} 
+ d5TT{B[x+,B]} TT{x+} + deTr{BB} Tr{x+}Tr{x+} 
+ d7TT{BB}Ti{xl} ■ (2.16) 

The LECs di arc of dimension mass^"^ They are the sum of an infinite part to absorb the 
infinities from the boson loops and a finite part, that is of relevance here. Whenever we write 
down any of these LECs, it refers to its finite (renormalized) value at the renormalization 
scale A = mo (as discussed in more detail below). Note that some of the terms in Eq. (2.16) 
are quark mass renormalizations of some of the second order terms listed in Eq. (2.14), but 
for our purpose we have to keep these contributions separated since they lead to different 
quark mass dependences. 



3. Calculation of baryon masses 

To calculate the baryon masses in chiral perturbation theory, we consider the baryonic 
two-point functions 



/ 



d'xe'P-^{0\T{Bix)B'iOm = (- '—-) , (3.1) 

\P-mo-l^J BB' 



with S(|i) the self-energy. Furthermore, B [B') stands for any member of the ground state 
octet, B = p, n. A, S*^, S+, S^, H*^, H^. The matrix notation is necessary because of the 
K — TP mixing. The baryon mass at a given order in the chiral expansion can be expressed 
in terms of the corresponding self-energy at the baryon pole for the diagonal states as 



(0) 


= "7'0 , 




(2) 




mo) 


(3) 
I^B 


= ^^Bi^ = 


mo) 


(4) 
^B 


= ^t\{i> = 


mo) 



^ (sg^(;5 = mo)) = mo) , (3.2) 
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Figure 1: Loop contributions to the baryon masses at third and fourth order. Solid (dashed) 
lines refer to baryons (Goldstone bosons). The solid dot (circlecross) denotes an insertion from the 
dimension one (two) meson-baryon Lagrangian. 

where the superscript (n) denotes the chiral dimension. We remark that due to parity 
there are no first order contributions and mo denotes the octet mass in the chiral limit of 
vanishing up, down, and strange quark masses. For the A, one has 

m 

^a' = ^aa(|^ = ™o) 

^(3) _ v(3)/ / _ ^ 



(0) 




'A 


= rriQ , 


(2) 


_ x-(2) 


'A 


- -^AA 


(3) 


_ y(3) 


'A 


- ^AA 


(4) 


_ yi^) 


'A 


- ^AA 



m\-' = 2.;-; = mo) + — (j^fli^ = mo)) S^^|(|i = mo) 
, sg^(|^ = mo)Ei')o(|^ = mo) 

^(2) N_ v(2) 



T.\U^ = mo) - T.Uyo{:^ = mo) 



(3.3) 



and a similar expression holds for the 11°. It can be obtained from Eq. (3.3) by the 
interchange A •s-^ S''. The chiral expansion is equivalent to the quark mass expansion. The 
latter can symbolically be written as 

mB = mo + Yl ^^""1 + Yl ^^"^T + ^^"^l + ■ ■ ■ ' (^-4) 

q=u,d,s q=u,d,s q=u,d,s 

and the statc-dcpcndcnt coefficients Aj^ , and can be read off from Eqs. (3.2, 3.3) if 
one utilizes the relations between the Goldstone boson and the quark masses. 

We now turn to the explicit calculation of the baryon masses. At first and second order, 
one only has contributions from tree graphs, whereas at third order one-loop and at fourth 
order tree and one-loop diagrams contribute. The relevant one-loop graphs are displayed 
in Fig. 1. We briefly discuss the structure of the related loop integrals. The finite baryon 
mass in the chiral limit spoils the one-to-one correspondence between the chiral and the 
loop expansion. There exist various methods to overcome this problem, we use here the so- 
called infrared regularization to separate the soft (chiral) loop contributions from the hard 
ones. The latter can be absorbed in local terms given by the effective chiral Lagrangian 
(for a more detailed discussion we refer to [25]). The essential trick in this method is to 
write a Feynman parameter representation for any loop integral and split the integration 
range [0,1] as [0,oo]-[l,oo]. The first term defines the irregular part which contains all the 
interesting chiral physics and obeys the power counting. The regular part given by the 
second integral (which is generated by momenta of the size of the hard scale mg) is a 
polynomial in external momenta and quark masses. This splitting is symmetry-preserving 
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and can be applied to any loop graph. In what follows, the symbol Jj stands for the 
irregular part obtained by applying this procedure. As done in [25], we use dimensional 
regularization for separating the divergent parts and set A = mo, where A is the scale of 
dimensional regularization. In principle, the IR method generates some higher divergences, 
we follow the same strategy as in [25] and [33] and simply ignore these (a different approach 
is followed in [6]). 

We now turn to the explicit representation of the relevant loop diagrams. The tadpole 
graph (one meson propagator) is standard 



= / T^TT^ 2Ml (l + l^p ) , (3.5) 



with 



1 . ^M|. 



m, 



m, 







167r2 



^ +^(7E-l-ln47r) 



d-4 2 



(3.6) 



where P stands for any Goldstone boson, d denotes the number of space-time dimensions 
and is the Euler-Mascheroni constant. This type of graph contributes only at fourth 
order since the tadpole with the lowest order BBPP-veitex vanishes. The self-energy 
graph with lowest order insertions is given by (one meson and one nucleon propagator) 



_ r _d^ 



This diagram gives the complete third order contribution. Prom the finite part, we only 
need the quark (meson) mass expansion at = m^, 

7 . 2x I Mp 1 Ml Ml o, , , 

The first term ~ Mp in this integral generates the leading non-analytic terms in the quark 
mass expansion of the baryon masses. Similarly, the self-energy with one dimension two 
insertion (one meson and two nucleon propagators) can be expressed in terms of the loop 
function (note that we only need a special case of the corresponding function defined in 
|25|) 

- / (g^ .^ -Ml [(, - - - + ^"''^) ■ 

and at = rxv^ the finite piece can be expanded as 

^>Vi) = -^4-2^flp + OW. (3.10) 

The third order self-energy contributions and the fourth order tadpoles with insertions 
~ bo.D.F have already been evaluated in [26] in the isospin limit. In App. C, we discuss 
briefly the renormalization of the various loop contributions and collect the pertinent (3- 
functions. 
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4. Chiral extrapolation functions 



This section contains the main part of this paper, namely the exphcit expressions for the 
baryon masses in terms of the quark masses. We express all masses in terms of rh, e and vtis 
and utilize the chiral limit value of B throughout. To arrive at these results, we express the 
formulas for the baryon masses as functions of the meson masses given in App. A in terms 
of the quark masses. We only retain the linear terms in the parameter e that parameterizes 
isospin violation. Note that in the strict chiral counting, the second order terms from the 
effective meson-baryon Lagrangian also generate terms ~ [m^ — ruu)^ to the accuracy we 
are working here. Since these terms are numerically irrelevant, we do not display them 
here (although we have calculated them). We now give the various terms proportional to 
ruq, rtiq'^ and for the different baryons. The second order contributions ~ are 

"^s^ = (^7i,s + 7i,B-^j 5m + ^72,B + 72,B-^j Bm^ , (4.1) 
where the ^i^B are the isospin-symmetric coefficients defined via 

7i,s = 7j,s+ = 7i,s- = 7i,so , 7i,iv = li,p = li,n , = = li,so (i = 1, 2) . (4.2) 
These second order coefficients jb are 

7i,s = -8 {bo + bo) , 72,s = -46o , 

7i,iv = -8bo - 4 (6d + bp) , 72,iv = 4 (-bo - bo + bp) , ,^ 
7i,s = -86o + 4 {-bo + bp) , 72,s = -4 [bo + 6d + 6f) , 
7i,A = -8bo - |6d , 72,A = -46o - ^bo , 

in agreement with earlier calculations. The corresponding coefficients of the isospin break- 
ing corrections ~ e are 

7i,s+ = -166f , 72,s+ = 166f , 

7i,E- = 166f , 72,s- = -166f , 

7i,p = -8 (bo + bp) , 72,p = 8 (6d + bp) , 

7i,s- = 8 i-bn + bp) , 72,=- =8{bD-bp) , ^ ' ' 

7i,n = 8 (6z) + bp) , 72,n = -8 {bo + bp) , 

71=0 =8 (bo- bp) , 72 =0 = 8 {-bo + bp) . 

Note that for the A and S*^ the isospin breaking effects (and in particular the non-diagonal 
contributions in Eqs. (3.3)) are of order (m„ — m^)^. The third order contributions ~ m^^^ 
can be most compactly written as 

mf = {6^,B + hsj^) rn^' + 5,,b ^^{rh + m.)^l- (4.5) 

/ _ £ \ -y2ij3/2 £ 53/2 

+ [5^,B + h,B^ J ^^j^ (m + 2m,)3/2 + ~5,,b ^ ^ - ^s){m + 
where again we have isospin-symmetric coefficients, 

<^i,S = '^i,S+ = <^i,S- = <5i,E0 , ^i,N = Si,p = 6i,n , = ^i,-- = [i = 1, 2, 3) , (4.6) 



\l/2 
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which axe expHcitly given by 



<^l,S = 






= 


-1{D^ 


+ F^) , 




(^3,S = 






Sl,N = 




- iDF^ 


3/?2 
4^ 


52,N = 




_ 3 f2 


S3,N = 




+ \DF- 




<5l,H = 


-iD'^ + lDF- 


. 3 


S2,E = 




-\DF- 


3p2 
4-^ 


53,S = 


-hD^-lDF 


_ 1 i72 
4-^ ' 


^1,A = 


-D' , 






h.K = 


~\D^-lF- , 




S3,A = 


-ID' 







(4.7) 



The coefficients of the third order isospin breaking e-corrections are 



= -"^DF 
^4,s+ = -^DF 
~5,^- = -^DF 

hp = 

h,E-=-\D^-\DF+\F-' 
li,n = -\D'' + DF + lF^ , 

<^4,n = 
<^3,S0 



DF - , 



1 

ID' + IDF-^^F' 



= -DF 

3 ' 

= 2DF , 
= 3DF , 

-iD^ + lDF + ^F^ 



^3,S+ 

^i,s- 

^4,S- 
hp = 

= {D^ + iDF - 

h,n = 

~5l^o = -\D''-^DF + ^F^ 



iD"^ + DF -IF^ 



\DF - 



DF + 



(4.8) 



Since these are the leading one-loop corrections, they only depend on the lowest order 
axial coupling constants D and F. The major result of this investigation are the complete 
fourth order corrections ~ rn^. In terms of the quark masses, they can most conveniently 
be written as 



m 



(4) ^ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 



^4,B + £4,5- 



£5,5 + h,B—7= 



^d,B + h,B 



e7,B + h,B-^ 

e 



eg.B + h,B 



In 



2Bm 
ml 



52 fB{m + ms) 

m m ' 



mr 



VSJ 167r2F2 

e \ 52 „ , {2Birh + 2ms) 
— = = — - m m ^ = 



167r2F2 

•2 



VSJ 16^2^2 

'2 



3mQ 



i?2 2 , f B {fa + 

m,. In 



52 f2Bifh + 2ms 

m„ In ' 



167r2F2"''^ 
52 



3mg 



^2 



■2 



mm^ In 



mm. In 



2Bm 



B {m + nis 



irir 



eii,B + hi,B—?= 



VsJ 167r2F2 



52 ^ ^ f 2B (m + 2ms) 
mm:. In 



3mg 



(4.9) 
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where again we defined isospin-symmetric coefficients as before 



ei,s = ei,s+ — ei,s €i,so > ^i,N = ei,p — ^i,n , Ci.s = = ej^so {i — 1, ... ,11) . 

(4.10) 

Note that to this order in e, there arc no terms ~ Inm. The largest contributions stem 
indeed from the terms of order and In nis at the physical quark masses, but in actual 
lattice simulations the up and down quarks might have a similar mass as the strange quark. 
It is therefore important to retain all these terms when connecting lattice results to the 
physical world. 

The fourth order contributions read: 
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The corresponding e-coefficients are given by 
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Note that from the dimension two (four) Lagrangian, the LECs 64,8 (^^4,6,7) do not contribute 
to the strong isospin breaking corrections. There are no contributions ~ 60 because this 
operator is only sensitive to the sum of the quark masses and also not affected by the 
A — E*^ mixing. While these expressions appear very voluminous and contain a fair amount 
of LECs, we show in the next paragraph how these can be constrained by reducing to the 
SU(2) case and some phenomenological results. 



5. Matching to the two-flavor case 
5.1 Matching equations 

The quark mass expansions of the baryon masses given in the preceding section contain a 
sizeable amount of parameters (LECs) . This does not pose a problem if one has sufficiently 
many lattice data at various quark masses. However, the fitting procedure to find the real 
minimum in this parameter space will be somewhat tedious and thus it is important to 

find further constraints on these parameters. This can be achieved for certain combinations 
of the LECs by matching to the SU(2) result for the nucleon mass. In the isospin limit 
m„ = nid, we have nip = rUn = rriN, and the quark mass expansion of uin is given by 
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[19, 22, 25] 

= - - - si? + ii - T - - - 4) ^ 

Here, rho is the nucleon mass in the SU(2) chiral Umit with m„ = = and fixed at 
its physical value and M^r is the SU(2) lowest order pion mass distinguished from its SU(3) 
counterpart in Eqs. (2.10) by corrections in m^. Strictly speaking, the same is true 
for the above F^, yet, to the order we are working here, the difference is of no relevance. 
The Ci are scale-independent LECs from the second order pion-nucleon Lagrangian [34] 
and ei is the sole scale-dependent combination of LECs that contributes to the nucleon 
mass [19, 31]. In the notation of [31], we have ei = 4e38 + + ehq/I. Note that again 

we work at the scale given by the SU(2) nucleon mass in the chiral limit and thus use the 
LEG ei . These particular LECs are constrained from the various analyses of pion-nucleon 
scattering and pionic hydrogen/deuterium in chiral perturbation theory and the reaction 
ttN — ^ ttttN, see the next paragraph for a detailed discussion of this topic. Their numerical 
values can also be understood in terms of resonance saturation, sec [35]; in particular they 
incorporate the important contribution from the A(1232) resonance. Mapping the quark 
mass expansion of niN onto Eq. (5.1), we obtain the following matching conditions: 
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Dimension four LEG with recoil correction: 
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where = rngB is the leading strange quark contribution to the kaon mass. The first of 
these relations Eq. (5.2) connects the non-chiral part of the nucleon mass (generated by the 
gluon condensate) in the SU(2) limit with the one in the SU(3) case. Obviously, the only 
difference are terms proportional to powers of the strange quark mass (modulo logarithms) . 
The difference between mo and rho is what is usually called the strangeness contribution 
to the nucleon mass. Eq. (5.3) is the usual reduction of the two axial-vector couplings in 
SU(3) to the single coupling for the two-flavor case. To the order we are working, this 
relation is unaffected by quark mass corrections. A similar statement holds for the relation 
between the dynamic dimension two LECs ^ displayed in Eq. (5.5). Quite differently, the 
relation between the leading order symmetry breaking LEG in SU(2), called ci, and its 



'This name stems from the fact that they essentially contribute to pion/kaon- nucleon scattering. 
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three SU(3) counterparts ^cd.Fj has sizeable quark mass corrections, simply because the 
corresponding operators contribute already to the baryon masses at first non-trivial order. 
In particular, one has corrections from the third order loop contributions that generate 
the terms ~ Mk ~ ^/n^^■ Finally, note that in the last relation the expansion of the loop 
functions lK,r) in powers of (using M]^ = M]^ + M^/2) generates the contributions 
~ I/Mr ~ 1/\A^- 

In the isospin breaking sector, we consider only the leading dimension two operator that 
is parameterized by the LEG C5 in SU(2) [35]. From matching the leading SU(3) terms 
^ i'm-u — fnd) the following relation is obtained: 
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5.2 Bounds on the low-energy constants 

In this paragraph we collect what is known from various sources on the LECs appearing in 
the baxyon masses. The SU(2) parameters have indeed been determined from the analysis 
of pion-nucleon and nucleon-nucleon scattering. Combining the results from Refs. [35, 36, 
37, 38], we find 



ci 



3.3 ±0.2, C3 



-5.0l}:6, C4 



"-••^-0.2 ' 



(5.8) 
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where all numbers are given in GeV~^. Furthermore, naturalness gives — 1 ^ ei < 1 GeV~^ 
(for A = 1 GeV) , which is consistent with the loose determination in [39] . Consequently, 
the left-hand-side (Ihs) of Eq. (5.5) can be conservatively bounded by 

lc2 + C3 = -5.2 ... - 2.5 GeV"^ , (5.9) 

and similarly for the Ihs of Eq. (5.6) 

3GeV-=^<-4ei + |— 47ToC2<5GeV-^. (5.10) 

These constraints are also consistent with recent lattice interpolations of SU(2) results, one 
has for Eqs.(5.9, 5.10) -3.1 (-3.9 ... - 2.6) and 5 (3.2 . . . 5.7) in [5] ([6]), respectively. We 
now turn to estimating the SU(3) LECs bi and dj. The symmetry breaking LECs 6o,d,f 
can be determined from a third order fit to the baryon masses. We collect here the results 
from the comprehensive study in [17], 

-0.79 <bo< -0.70 , 0.01 < 6d < 0.07 , - 0.61 < 6f < -0.48 , (5.11) 

with all numbers given in GeV^^. The uncertainties on these numbers are certainly under- 
estimated by looking only at the baryon masses, see the discussion in [18]. The resonance 

saturation estimates presented in that paper also give somewhat different values, but it 
should be noted that this method is not expected to work well for the LECs related to 
symmetry breaking. For orientation, one can use Eq. (68) of [18] for getting a rough idea 
of the size of the dimension four LECs di, provided one performs the relabeling d^^^ d^ 
and — dy. For the dynamical dimension two LECs bi {i = 1, . . . ,9), resonance satu- 
ration should work better. We map here the results of [18] onto our notation so that one 
can get some estimates about the size of some combinations of the dynamical dimension 
two LECs (wc refrain here from redoing the calculations of that paper since these numbers 
only serve as a rough guide). We find the following relations 

br ^ b, - ^b, - , 

bT = b2- ^b, , 



, BM ^ , "^0, 3mo 

O3 - O3 - - -J^bg 



br ^b,- ^bs + ^69 , (5.12) 

and the pertinent resonance saturation estimates for the bf^ can be found in Eq. (68) of 
[18]. Last, we consider the leading isospin breaking LEG C5. It was determined in [35] 
C5 = —0.09 lb 0.01 GcV~"^. Note that in [40] a somewhat larger value was obtained based 
on a leading order SU(3) estimate for the strong proton-neutron mass difference. 

6. Sigma terms 

Directly related to the baryon masses are the so-called sigma terms that measure the 
contribution of the QCD quark mass term to any baryon mass, 

agsiO) = {B\mgqq\B) . (6.1) 
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Here q denotes any of the hght quark flavors u, d or s. These scalar-isoscalar operators 
can be directly read off from the quark mass expansion of the baryon masses given in 
the preceding section. We refrain from displaying the lengthy formulas here. Instead, we 
briefly discuss the so-called pion-nucleon sigma term. It measures the strength of the light 
quark condensate in the proton (and can be determined from the analytically continued 
isoscalar pion-nucleon scattering amplitude D~^{i',t)), 

fffAf (0) = rh (p\uu + dd\p) = rh ■, (6-2) 

where the last equality follows from the Feynman-Hellmann theorem [41]. More precisely, 
what is given in Eq. (6.2) is the pion-nucleon sigma term in the isospin limit, its generaliza- 
tion to include isospin violation is obtained by the substitution m(uu+dd) niuuu+mddd. 
We will only consider the isospin symmetric case here and refer the reader to Refs.[42, 43] 
for a discussion of the effects generated by strong and electromagnetic isospin violation. In 
terms of the so-called strangeness fraction y, the sigma term can be expressed as 

^nN{0) = , (6.3) 

with 

a = rh {p\uu + dd — 2ss\p) , 

y = . (6.4) 

{p\uu + dd\p) 

These two quantities can also be read off from the quark mass expansion of the nucleon 
mass via 

„ dniN . drriN 
cr = m —— 2m — , 

dm om,fi 

y _ ^ dmN f dmN Y'^ 
dms \ dm J ' 

which allows for a direct determination from the lattice result for mjsf = mi\f{mu,md,ms). 
Chiral perturbation theory calculations to order m^ give a = 35 ± 5MeV [15], a = 36 ± 
7MeV [18], and a = 33 ± 3MeV [23]. For a recent analysis of the sigma term in view 
of SU(2) lattice results, see [6]. For earlier lattice studies of this interesting quantity, see 
[44]-[48]. Similarly, one can also analyze the two kaon-nucleon sigma terms, cr^]y(0) = 

(2) 

' ill + m,s){p\uu + ss\p)/2 and cr]^'jv(0) = {rh + ms){p\ — uu + 2dd + ss\p) /2, in the isospin 
limit. The strange quark contribution to the nucleon mass can be directly expressed as a 
linear combination of the pion-nucleon and the two kaon-nucleon sigma terms via 

ms Ws\p) = - ^) [3^&!v(0) + + - ^) '^-^(O) • (6.6) 

Similar analyses can be performed for the other baryons, but only in the case of the nucleon 
sigma terms one can hope to compare lattice results to the ones of phenomenological 
investigations. 
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7. Summciry and conclusions 

We summarize the main results of our work: 

1) We have calculated the octet baryon masses to fourth order in the chiral expansion 
within a Lorentz-invariant formulation of baryon chiral perturbation theory. In con- 
trast to earlier works (with the exception of Ref. [15] which utilizes an UV cut-off) 
we have systematically included strong isospin breaking, m„ 7^ rrid- This amounts to 
considering all terms quadratic in the quark masses. 

2) To disentangle the dependence of the baryon masses on the three light quark masses, 
one has to consider the dimension two and four Lagrangians displayed in Eq. (2.14) 
and Eq. (2.16), respectively. At dimension two, one has three symmetry breaking 
LECs {bo, bo, bp) and nine dynamical LECs, that enter at fourth order in the tad- 
pole diagrams. At dimension four, we have seven LECs, which appear in various 
combinations in the masses. 

3) We have derived chiral extrapolation functions for the octet ground state baryons, 
including all isospin breaking terms linear in the mixing angle e, see Section 4. These 
constitute the main result of this paper and might be used to analyze unquenched 
three-flavor simulations at varying quark masses above their physical values. The 
equations collected in this section can be obtained as a Mathematica notebook from 
the authors upon request. The corresponding meson mass representations of the 
baryon masses that are not truncated at order e are given in App. A. 

4) We have performed the matching to the two-flavor case to obtain constraints on 
various combinations of dimension two and four SU(3) low-energy constants, see 
Section 5. We have also reviewed the determination of LECs in SU(2) and the 
symmetry breaking dimension two SU(3) LECs and also given resonance saturation 
estimates for the SU(3) LECs, based on the earlier work in [18]. 

5) The various sigma terms as defined in Eq. (6.1) can be obtained by differentiation of 
the mass formulas with respect to the quark masses. The corresponding extrapolation 
functions can be obtained from the authors upon request. 
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A. Meson mass representation 



Here, we give the explicit representations of the baryon masses in terms of the Goldstone 
boson masses. The local terms generated by the dimension two and four insertions from the 
effective Lagrangian are expressed in terms of the charged pion and kaon masses through- 
out. The loop contributions at third and fourth order are expressed in terms of the loop 
functions Ip, p,p, and ij?, compare Eq. (3.7), Eq. (3.6), and Eq. (3.9), respectively. Here, 
P stands for any of the charged and neutral pscudoscalar mesons. To arrive at the quark 
mass expansion given in Section4, one has to expand these loop functions as given there 
and further expand the various mixing functions to linear order in e. Note that only the 
lowest order meson mass relations are used to convert to the quark masses, that means 
in the quark mass representation we employ the chiral value of B throughout (while the 
meson mass representation is formulated in physical masses to the order we are working 
here) . 

The various contributions to the baryon masses can be compactly written as 

m^B^ =llMl++^^Ml+ , (A.1) 

(3) — — — — — 

m^B = ^^,B 4+ + S2,B 1^0 + S3,B Ik+ + <^4,B Ik° + ^b,B Ir) , (A.2) 

(4) _ _ _ 

= ei,B + £2,5 MttO + e3,B flK+ + £4,5 Hj^o + £5,5 fir, 

+ e6,B II+ + £7,B 1^0 + es.B Ik+ + e9,B Iko + eio,B ijj^ 

+ 4,,B + efi,B + ejf^B M^+M^^ , (A.3) 

with 

Si,B = ^ {51b + 5f^B Ml^) , (z = 1, . . . , 5) , (A.4) 

"it 

^^^B = {elB + ef^B + £-f M2+M|+) , (z = 1, . . . , 5) , (A.5) 

2 

^3,B = ^ {elB + e^B + £j| M^^M],^) , (j = 6, . . . , 10) . (A.6) 



For the A and S one has additional fourth order terms due to the mixing which take the 
form 

5mf = -Jmg , (A.7) 

with Ai = P+, A2 = In+lK+, ^3 = Itt+Iro, M = A5 = Ik+Ir", and Aq = I'^o . 
In what follows, we only display the non- vanishing coefficients 7s, 6b, and £5. 



- 28 - 



The second order coefficients 75 are: 



7£- 
7f- 



7so 



7fo 



7p 
7^ 

7l- 

7f- 

7: 

7-^ 
In 

7lo 

7i 



7a 



7f 



8 - ^/ ) sin(2e) ) bo 



6 + 47) 60 - 46d + 8 (1 - 7) bp , 
-476o + 8(-1 + 7)6f , 
-6 + 47) 60 - 46d + 8 (-1 + 7) 6ir , 
-476o + 8 (1 - 7) 6ir , 

-6 + 47) bo cos(2£) + i= 

(88 1 / 32 

--7 + - cos(2£) + _ (^-8 + y 7 ) sin(2e) ) bo , 

6 + 47) 60 + (4 - 87) bp , 
-476o - 46d + (-4 + 87) bp , 
-6 + 47) bo + (-4 + 87) bp , 
-Albo - ^bo + (4 - 87) bp , 
-6 + 47) 60 + 8 (-1 + I)bD- ^bp , 
-476o + (4 - 87) bD + 46f , 
-6 + 47) 60 + 8 (-1 + 7) 6d + 46f , 
-476o + (4-87)6d-46f , 

-6 + 47) 60 + 



4+5/ + ?co.(2e) + -L(- 



sin(2£)J bo , 

Albo + (-^7 - ^ cos(2e) + ^ " f ^) sin(2£)) b^ , (A.8) 



with 



7 = 



VS - tan(2£) 



71 



(A.9) 



and furthermore 7 = 1 in the isospin hmit = m^. 



The third order coefficients 63 are: 



"i,s+ 



2^2 + 27^^2 ^ 



2^2 + 27^2 ^ 



1(1 - cos(2£)) £>2 + 2 (1 + cos(2£)) , sip = D^ + 2DF + 



5l^_ = 7?2 - 2DF + F'^ 
= D^ + 2DF + F2 , 
'^i so = - 27)F + F2 



(A.10) 



"l,A 



(1 + cos(2e)) L»2 + 2 (1 - cos(2e)) 
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+ -i= (^2 - i/j sin(25)) OF + (^1 + cos(2e) + A (_ i + /) si„(25) j ^ 



+ ^(l-^)sin(2£)F2, 



+ (^-2 + -/J sm(2£)J Z)F + (^1 + cos(2£) + _ (-1 + I) sin(2£)J F 
4 4 , , 1 /2 10 \ , ^^ 9 4 / sin(2e) 

+ ^(l-^)sin(2£)F2 , 



<^2,E0 = ( ^ - + ^ ^o^(2£) + l=(^-^+^ll] sin(2£) ) , 



cos(2e) + -L _ .n(2.)) + ^/ + ^ cos(2e) 

+ ^^^) + (1 - cos(2.) + ^ (1 - sin(2£)) , 



2+( 2_4^_ 1^Q3(2£) 
* 3 3 3 ^ ^ 



(5J^_ = (---I + — cos(2£) + ^ f-I + A sm(2e)^ D 
V3 9 18 ^ ^ ^3 V 6 9 y ^ 7 

- ^^^) + (1 - cos(2£) + ^ (1 - ^) sin(2£)) , 



- 30 - 



'2. 5 . 1/1 4\ , ,\ ^2 (1 1 , sm(2e)' 



+ (^2 - 2/ + i cos(2£) + -L (^_^ + sin(2£)) ^ 

+ ^-1 + 27 - cos(2£) + (2 - 47) sin(2e)^ , 

^.V = (^7 + A cos(2.) + ^ (-^ + sin(2e)) + (-^ ^ cos(2.) + ^) 7.^ 

+ (^2 - 27 + i cos(2£) + -L (^-! + 47) sin(2£)) , 

^l-B.^ = - ^ - ^ + ^ - sm(2e)) + ^ (1 - cos(2£)) 7)7^ 

+ (^-1 + 27 - cos(2£) + (2 - 47) sin(2£)^ 7^^ ^ 

^Ik = (^^ - ^ coK2£) + - si"(2^)) ' (A-11) 

(5f = £>2 + 2L>F + F2 , = £>2 - 27)F + , 

<^3V = + ^ ^0^(2^) - + (2 - cos(2e) + ./3sin(2e)) , 



<5^p = |r>2 + 2F2 , = |F»2 + , 

(5|y^ = r>2 _ 2£)ir + i?2 ^ ^if^^ = 7)2 + 2DF + F2 , 

<53^A = - ^ cos(2£) + ^) 7)2 + (2 + cos(2£) - V3sin(2£)) F^ , 

<5Js+ = 2 (1 - /) - 27)F + F2) , <5^^+ = (-1 + 27) (D^ - 2DF + F^) , 
=2(1-7) (7)2 + 2DF + F2) , = (-1 + 27) (7)2 + 27)F + F^) , 

'^4"eo = - + 71 (2 - '^^(2£)) 7)2 + (^4 - 47 + i= (-6 + 87) sin(2£)) F2 



(A.12) 



Ceo = ( + ^7 + i cos(2£) + -L + ) sin(2e) ) 7)2 
+ ( -2 + 47 - cos(2£) + (3 - 87) sin(2e) ) F2 , 



- 31 - 



sip = 2 (1 - /) {D^ - 2DF + F2) , 6f^p = (-1 + 21) {D^ - 2DF + F^) , 

SJ^. =2(1-/) {D^ + 2DF + F2) , 5f^_ = (-1 + 2/) {D^ + 2L'F + F^) , 

C = I (1 - /) + 4 (1 - /) F^ 4; = (-1 + |/) + (-2 + 4/) , (^-13) 

'^4,A = - ^/ + ^ (-2 + ^l) sm(2e)) + (^4 - 41 + ^{6 - 81) sm{2e)'^ F^ , 

+ (-2 + 41 + cos(2e) + (-3 + 8/) sm{2e)^ , 

1 4^ 1 , , 1/2 10 ^\ . A ^2 . / 4 4 



+ (-2 + i/j sin(2£) j DF + (1 - cos(2e) + A (i _ /) sm(2s)) F= , 

+ -|(-l + J)sin(2£)F2 , 



14 1 , , 1 /2 10 \ ^ \ „ /4 4 
/ - - cos(2e) + ^ / sin(2£) ] + { j 

\ ( 4 \ , A / , . 2 



+ (^2 - -/J sin(2e) J I)F + (^1 - cos(2£) + -== (1 - /) sin(2£) j F^ , 
+ ^(-l + /)sm(2E)F^ , 



-/ + ^ cos(2£) + ( + 1^1 ) sin(2£) ) Fi' , 



SI, -{I-P-^, cos(2.) + -L _ ^z) .n(2.)) + (-^ ^/ ^ cos(2.) 

+ ^ (-1 + sm{2e)^ DF + cos(2£) + ^ - 2/) sm{2e)^ F^ , 
C = (4 + ^/ + ^ cos(2.) + -L 2 + ,,,(2.)) I.^ + (2 _ 4^ _ 2 ^^^^^^^ 

- i'^^l) DF+(^1 + cos(2£) + ^ (-1 + I) sm(26)) F^ , 
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+ 3^^^) DF+i^l + cos(2e) + ^ (-1 + I) sin(2£)J , 

+ (^2 - 2/ - ^ cos(2£) + ^ - 4/) sin(2£)) , 
+ (^-1 + 27 + cos(2£) + -L (-2 + 47) sin(2£)^ F^ ^ 

+ (^2 - 2/ - 1 cos(2£) + ^ - 4/) sin(2£)^ , 

cR- /^l 2 1 , , 1 / 2 4 \ , \ , 2 , , 
€,B0 = (3 - 9^ + 9 cos(2^) + 71 3 + 9^J ^ + 3 + "^"'^^^^^ 

+ (^-1 + 21 + cos(2e) + -L (_2 + 4/) sin(2e) j F^ ^ 

= (I - - ^ ^Tsil-'i') ™<'^') • 

={t' + t + -L (^-1 + sin(2j)) . (A.14) 

Finally, the fourth order coefficients e b are (since these formulas are very long, we only give 
here the expressions for the proton and the neutron. The others, including the coefficients 
77i, i = 1, . . . 7, in Eq. (A. 7) of the non-diagonal contributions to the T,^ and A masses, can 
be obtained from the authors upon request): 

= 46o + (2 - 4Z)2 - 8DF - AF^) {bo + bp) - 2 (61 + 62 + 63) - 4^4 + ^ {h + h + 67) 

+ mobs + (4Z)2 + 8DF + 4F^) {bo + bp) I , 
el^ = (4D2 + + 4^2^ ^ ^-^ _ J) ^ 

<n = 46o + (2 + 4L>2 + 8DF + 4^^) (6^ + 6^) - 2 (61 + 62 + ^3) - 4^4 + ^ (65 + i'e + ^'y) 

+ mo&8 - (41)^ + 8L>F + 4^2) {bD + bF)I , 

4D^ + 8DF + iF'^){bD + bF)i-l + I) , (A.15) 
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17^ 2^ 4, 2, 4^ 26, 14, mo, mo, 13 , 7 ,^ 
e2,p = yOo + ^OD - -Of - -bi + -62 - y 63 - y 04 + —65 - -yOe + ^^^067 + -mo&s 
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( 8 32 40 2 8 10 
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"^o, 7 , 5 , , , 8, , 8, 40, 104, 
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64, 2 , 10 , 26 , 16 , \ n A., 20, 
+ y 04 - 2^71065 + y mo&e - -^mobj - y mo&s ) + ( I600 + ^bo - y Of - 4&i 

52 220 128 13 55 32 \ \ 

+ y&2 - y^&3 ^b4 + mob5 - ymo^e + -^^oh + -^mobs \l \ sin(2£) , 



o o o 2 2 2 

^2,p = -^{bo + bD + bp- bi) - -63 - -64 + -m.o?*5 + ^"1-0^7 + ^mobs + (46o 



8 /, ^ X 16^ 56, 40, 2 , 4 , 14 , 10 , \ ,2 
+ ^i"D- bi) + y62 - ^bs - y 64 + 2™'0O5 - gW^ofte + ^rnobj + ymo&s I / 
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+ I -46o - -6£, - y 6f + -&i - -02 + 2^3 + y 04 - ^moOs + g^^oOe - ^"1067 

4 ^ \ r /^8 , , , , ^ X 8, 8 , 16, 2 , 2 , 

- 2"^o08 ) ^ + ( 3 (~"o - Od + Of + oi) - -02 + —03 + y 04 - -^065 + -mo&e 

2 4 \ 1 / 4 

- -^mob-j - grnofesj cos(2£) + — |^4 (6^ + bp - 61) + - (-62 + ^3) + ^065 

mo , , / 8, 8, 40, 104, 64, 2 , 

+ (^6 - b7) + ( -860 - -bD + Sbp + -bi - —b2 + —63 + y 64 - 3^065 

10 , 26 , 16 , \ 2 /^w, , ^ 20, ^, 28, 100, 
+ ymo&e - —mob-j - —mobg j I + I 4 (60 - od) - yOF + 46i + y 62 - —63 

32 7 25 8 \ \ 

- y ^4 - mots - -mofee + ^rnobr + -mo^s j / j sm(2£) , 
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nK 16^ 4, ^ ^ ^ X 28^ 16, mo . ^ x 7 
e2,p = -y &o + 3 -bp + h- 62) + -^-63 + "3-^4 + -3^ (-65 + be) - -1 



4 , / , 16 , , , X 32, 112, 80, 4 , 8 , 

- gWioOs + I -860 + y [-bo + bi) - —62 + y^03 + -g-04 - 3^005 + -mobe 

28 , 20 , \ 2 / 16, 8, 16, 40, 64, 40, 

- ^rnobr - y moOs j ^ + ( ^^oo + yOz) + -6^ - yOi + y 62 - y 63 - y 64 

+ ^rnob^ - ymobe + y "1067 + y mo^g^ ^ + 6d - - bi) + ^62 

~ 27^ ~ 9^ "3" ^ ~ ~9~ ^ 27 ^ 9"^°^ J 

+ ^1060 - 46f + ^62 - y ^3 - 864 - ^mo^e + ^mobr + 2mobs 

16, 16, 80, 208, 128, 4 , 20 , 
+ I I660 + y - 16&F - y Oi + y 02 - -^03 ^64 + 3^065 - y mo&e 

52 , 32 , \ o / , 40, 80, 320, 160, 
+ ^"io«'7 + ymo^s J + ( -2O60 + y^F - y62 + —63 + —64 

20 ^ 80 ^ 40 \ \ . ,^ , 
+ y m-oOe - -jr^rnoh - y moOs I J I sin(2e) , 



17^ 26, 4, 2, 14, 13 , mo, mo, 

e2,n = y oo + 60d + 46f - y Oi - -62 - ^03 - y ?M + y mo&s + —be + 

7 , 8, 8 , 40, , 2 , 10 , \ . 

+ gmoOg + I 46o + -6d - 861 - —63 - y04 + 2mo05 + ^"^007 + ymo&s I / 

( 8 8 2 \ 

-8 (60 + 6d) - -6f + I661 + -&2 + 864 - 4mo65 - -mo^e - 2mo68 j I 

/^4, 1, 5, 1, 5, 13, 8, mo, 5 , 13 , 
+ ^360 + + 3V - 361 - - ^63 - -64 + ^b, + -mo66 + ^mo67 

2 \ 1 / 7 1 

+ gmots 1 cos(2£) + — I -IO60 - 116i5 - Ibp + 156i + -62 + -63 + 864 

15 , 7 mo, , , 32, ,16, 
^mo65 - — moOe - — O7 - 2mo68 + ( -860 - y od + I661 - —63 

64, , , 4 , 16 , \ ,2 ( .r., 52, 20, 
+ y 64 - 4mo65 + —mobr - y mobs ) + ( ^^Oo + y od + y V - 286i 

20, 4 , 128, „ , 5 , mo, 32 , \ \ . ,^ , 
- y 02 - —03 ^04 + 7mo65 + gmo^e + + y mo&g j I j sm{2£) , 
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2 



8 8 8 2 2 2 

^2,n = 3 (^0 - bi) - g&3 - + -^rnoh + grnobj + -mobs 

( 8 8 40 2 10 \ 

46o + ^bn - 8bi - —63 - —b^ + 2mo55 + —niob^ + —mobs j 

+ |^-46o - + 861 + ^ (62 + i's) + - 2mo65 - ^"^o (^e + i*?) - ^"io&8^ I 

/8 , , , , . N 8, 8 , 16^ 2 ^ 2 ^ 2 ^ 
+ I 2 (-00 - 6d + Of + Oi) - -62 + 2y03 + -g-04 - 3^065 + gJTioOe - ^rnobj 

- ^mobs^ cos(2e) + (-6/5 - 6^ + 61) + ^ (62 - 63) - mo^s + ^ {-be + ^7) 

/ o, 32, 16, 64, , , 4 , 16 , \ ,0 

+ I -860 - y + I601 - —63 + y 64 - 4mo65 + — mo&r - ymo&s I I 

f 28, 20, 20, 44, 32, „ , 5 , 

+ I 46o + y 6d + y Of - 12&1 - y 62 + — 63 - y 64 + 3mo05 + -moOe 

- ^mobr + ^mo68 j sin(2£) , 

^/r 16, , X 28, 4, 4, 16, 7 , mo, mo, 

e2,n = -y &o - 4 (6d + bp) + y 61 + -62 + ^63 + y - 3^065 - y^^e - -^67 

4 . o, 16, 16, 80, , , 4 , 20 , \ 

- 3?^o08 + I -860 - y Od + I661 + —63 + y 64 - 4mo05 - i^mobj - —m^bs I / 

+ ^126o + ^bo + ^bp - 246i - y 62 - ^63 - y ^'4 + 6mo65 + ^mofee + ^"io?'7 

10 /4,, , , ,, 4, 4, 8, mo, mo, 

+ yJTioOs 1 ^ + I 3 (oo + od - Of - Oi) + -O2 - — O3 - -64 + -^05 - — Oe 

+ ^67 + ^mo^sj cos(2e) + ^106o + 125^ + 85f - I661 - ^62 - 864 

2 / 64 32 128 
+ 4mo65 + 3"^o&6 + 2mo68 + I I660 + y - 326i + —63 —b^ + Smo^s 

8 , 32 , \ . / 80, 40, 40, 40, 

- ^"^067 + ymofes j + ( -2O60 - -^bo - y^F + 406i + y62 - ^63 

+ -y ^4 - lOmo^s - y"io&6 + ^"T'0&7 - y"^o^8^ -^^ sin(2£) , (A.16) 

e|fp = 46o + (^4 + ^L>2 + 8^^^ 5^ + Q^2 ^ 4^2^ _ 4 (j,^ ^ ^ 

+ mo (65 + 67 + 68) + y^69 - ((yi^^ + f i^i^) bn + (^I?^ + 8^^) 6f) / , 

<^ = -I (D' + ^i^) - {^D' + 4F^) 6f 
16^2 , 16^^\, , /8^2 , 0Z.2 



+ ( (-D^ + -DF\ bn+i-D^ + 8F'']bF]l , 
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4n = 4^0 + (2 - 2^)2 + ADF - 2^2) {bn -bp) + 2 {-bi + 62 - ^'3) - 4^4 

+ ^ (&5 - 66 + 67) + mo68 + (4L»' - 8L>F + 4^2) - V) / , 






ef^f = (2L>2 - + 2F2) {bo - bp) + {-4=D^ + 8DF - 4F^) [bo - bp) I , (A.17) 



= I660 + (8 - 4D^ + 8DF - 4F^) {bo -bp) + 8 {-hi + 62 - 63) - I664 

+ 2mo (65 - ^6 + b-j) + 4mo68 + (I660 + 8 (6d - 6f - 61 + 62 - 63) - I664 

+ 2mo (65 - ^6 + 67) + 4mo68) + (-326o + (-16 + 4Z)2 - 8DF + 4^^) (5^ _ 5^) 

+ 16 (61 - 62 + 63) + 3264 + 4mo (-65 + ftg - 67) - 8mo68) / , 

= 46o + (2 - 2Z)2 + 4Z)F - 2^^) (6/5 - 6^) + 2 (-61 + 62 - ^3) - 4^4 

+ ^ (^5 - i'e + b7) + mobs + (I660 + 8{bD - bp - bi + b2 - 63) - I664 
+ 2mo (65 - ^'e + ^'t) + 4mo68) l'^ + (-I660 + (-8 + - 8DF + 4F^) {bo - bp) 
+ 8 (61 - 62 + 63) + I664 + 2mo (-65 + fee - ^7) - 4mo68) I , 
ej^^ = -I660 + (-8 + 6D^ - 12DF + 6^^) {bo -bp) + 8 (61 - 62 + 63) + I664 

+ 2mo (-65 + be- 67) - 4mo68 + (-326o + 16 {-bo + bp + bi-b2 + 63) + 3264 
+ 4mo (-65 + be- 67) - 8mo68) + (486o + (24 - 8D^ + 16DF - SF^) (6d - ^'f) 
+ 24 (-61 + 62 - 63) - 4864 + 6mo (65 - i'6 + bj) + 12mobs) I , 



= I660 +il6 + — {D^ + DF))bD+i -D^ + 8F^ ) bp - 16 (61 + 63 + 64) 
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el^ = -I660 - (16 + 8 {D"^ + DF)) bo - (4L'^ + 12^2) bp + 16 (61 + 63 + 64) 

- 4mo (65 + b7 + bs) - 2771069 + (^-32bo - (s2 + ^D^^ bo + 32 (61 + 63 + 64) 

- 87770 (65 + b7 + bs) - 4777069) + (^486o + (^48 + + y (A.18) 
+ (^^D^ + 16F2 j 6f - 48 (61 + 63 + 64) + 127770 (65 + 67 + ^s) + 6777069^ / , 



17^ 2^ 4^ 2^ 4^ 26, 14, 7770, 777o, 13 , 7 , 

^5,p = y 00 + - -Of - ^bi + -62 - y 63 - y 64 + —65 - —66 + ^^^"067 + g"7o68 

f., 8 , , 16, 56, 40, 2 , 4 , 14 , 10 , \ ,2 

+ ['^"0 + ^ - 61) + y62 - —63 - y64 + 2^065 - -7no66 + ^rnobr + y 777063 I / 

/ o, 8 , , , , . 32, 40, „, 2 , 8 , 10 , 
+ I -860 + - {-bo + 6f + 61) - y 62 + y 63 + 864 - -777065 + -777066 - y 777067 

/ 4, 1, 5, 1, 5, 13, 8, 7770, 5 

- 2777068) / + [--bo - -bn - 36F + 361 + -62 + -63 + -64 - —65 - -777066 

13 2 \ 1 / 7 

- 3^ "^067 - g"7o68j cos(2e) + — ( IO60 + 6z) - 36^ - 61 + -62 - 563 - 864 

^0, 7 , 5 , „ , / , 8, „, 8, 40, 104, 
+ —rbb — TTiTT'obG + -777067 + 2777063 + 860 + -bo — 86^ - -61 + —62 — —63 



64, 2 , 10 , 26 , 16 , \ 2 , , 20, 

- y 64 + -777065 - y 777066 + —777067 + y 777063 ) ^ + 1 -I660 - 46d + y 6f 

52, 220, 128, , 13 , 55 , 32 , \ \ . ,^ , 

+ 46i - y 62 + —63 + -^64 - 771065 + y mo66 - —777067 - y 777063 I / I sm(2e) , 



8 8 8 2 2 2 

^5,p = 3 (60 + 6d + 6f - 61) - -63 - -64 + -777065 + -777067 + -777063 + (46o 

S/z. .X 16^ 56, 40, 2 , 4 , 14 , 10 , \ ,0 

+ -^\bD- 61) + y 62 - —63 - y 64 + -777065 - -777066 + —777067 + y777o68 1 I 

( 8, 16, 8, 8, 8, 16, 2 , 2 , 2 , 

+ I -46o - -bo - y 6f + -6i - -62 + -63 + y 64 - -777065 + -777065 - -777067 

4 ^ A . /8 , , ^ , 8, 8 , 16, 2 , 2 , 

- -^rnQbs j I + I - (60 + 6d - 6f - 61) + -62 - —63 - y 64 + -7no65 - g 777065 

2 4 \ 1 / 4 

+ ^777067 + -777063J cos(2e) + — ( 4 {-bo - 6f + 61) + - (62 - 63) - 771065 

mo , , , X /^o, 8, , 8, 40, 104, 64, 2 , 
+ i-be + 67) + (860 + -bo - 8bF - -61 + y 62 - —63 - y 64 + -777065 

10 , 26 , 16 , \ ,2 /^w , , X 20, 28, 100, 

- y 777o66 + ^777067 + y 777063 I / + ( 4 (-60 + 6z)) + y 6i7 - 46l - y 62 + —63 

32^ ^ 7 , 25 , 8 , \ \ . , 

+ y 64 + 777065 + -777065 - ^"^067 - g777o63 j I j sm{2e) , 
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-kK 16, 4 , , , , , ^ 28, 16^ rriQ , ^ , x 7 , 
e5,p = -y ^0 + 3 (-i'D -hp + hx- 62) + y &3 + + {-h + ^e) - gmofey 

4 . ? 16 , , , X 32,^ 112, 80, 4 , 8 , 

- gWloOs + I -860 + y {-bD + hi) - — &2 + y^03 + - g^oSs + g"T-006 

28 , 20 , \ 2 Ao, 16, 8, 16, 40, 64, 40, 

- -^rnobr - — mo&s j ^ + ( 12oo + y + -bp - y Oi + y 62 - y 03 - y 64 

4 10 16 10 \ /4 4 

+ -^rnob^ - y mo^e + y "t-o^*? + y "t-o^'s j ^ + ( 3 (~^o -bD + bF + bi) - -62 

27^ 9 ~ ~3~ ^ ~9~ ^ ~ 27 ^ ~ g^^oOs I cos(2e) 

+ ^-106o + 46f - ^62 + y ?'3 + 864 + ^mofce - ^"1067 - 2mo68 

/ , 16, 16, 80, 208, 128, 4 , 20 , 

+ I -I660 - y od + 166f + y oi - y 62 + y^oa + —64 - ^rnoOs + y mo&e 

52 , 32 , \ ^2 / 40, 80, 320, 160, 20 , 

- i^rnab-j - —rriQbs I ^ + ( 206o - y + y 02 - y^Os g-64 - y moOe 

80 , 40 , \ A . N 
+ ^mobj + y mo&s j I j sin(2e) , 



17,. 26, 4, 2, 14, 13 , mo, mo, 

e5,n = yoo + 6613 + 46f - y Oi - -62 - -63 - y 04 + y ^065 + -^Oe + 

7/8 8 40 2 10 \ 

+ ^mobs + U60 + -6d - 861 - —63 - y64 + 2mo65 + —mob-j + ymo^s j 

( 8 8 2 \ 

-8 (60 + bo) - -^bp + I661 + -62 + 864 - 4mo65 - -mo^e - 2mo68 j / 

( 4, 1, 5, 1, 5, 13, 8, mo, 5 , 13 , 

+ (-3^° - 3^^ - 3^^ + 3^^ + 9^^ + 27^^ + 9^^ " U^' ' 36^^'^' ' 108^^°^^ 

2 \ 1 / 7 1 

- Qmobsj cos(2e) + — M O60 + 116^^ + Jbp - 156i - -62 - -63 - 864 

15 , 7 , mo, „ , / , 32, 16, 
+ —mobs + — moOe + —67 + 2mo&8 + 860 + - I6&1 + — 03 



4 " 12 " ° 12 ' u » . u . 3 1 . 27 

- y 64 + 4mo65 - ^mo67 + y 'tio^'s^ -^^ + ^-166o - y 6d - y 6f + 286i 

20 , 4 , 128 , „ , 5 , mo , 32 , \ A 
+ y 02 + ^03 + -^04 - 7mo05 - g"^o06 - ^07 - y^ioOs j I j sm{2e) , 
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8 88222 /8 8 

^5,n = 3 (^'0 - h) - gfes - + 3^065 + g'moh + i^rnobs + U^o + -^bn - 861 - —63 

- —64 + 2mob5 + —mob7 + —mobg J ^ + ( -^^o - -bp + 861 + - (62 + 63) 

16 2 4 \ /8 8 

+ y 64 - 2mofe5 - g"2o (&6 + ^7) - -^iTT'obs j I + (- {bo + bo - bp - bi) + -62 

8 16 2 2 2 4 \ 

- 27^3 - -^&4 + 3^065 - ^mobe + —mobj + -moftg 1 cos(2£) 

+ (^4 + 6f - 61) + ^ (-^'2 + 63) + mob5 + ^{be- 67) 

(32 16 64 4 16 \ 

860 + - 165i + —63 - —64 + 4mo65 - -^rnobr + — mofes j 

/ 28, 20, 20, 44, 32, „ , 5 , 

+ I -46o - y 6d - yOF + 12&i + -^-62 - 2y^3 + y 04 - Smo&s - -mo&e 

+ ^"^0^7 - ^"mobs^ sm{2e) , 

nK 16, , X 28^ 4^ 4^ 16^ 7 ^ mo, mo, 

e5,n = - ybo - 4 {bD + bp) + y5i + -62 + -63 + ^64 - -mo65 - y^^'e - -^^7 

4 , / „, 16, 16, 80, . , 4 , 20 



2 



- -^rnobs + (^-860 - y 6d + I661 + —63 + y 64 - 4mo65 - ^rnobj - y mofeg j / 

+ ^1260 + Sbo + y - 246i - y 62 - ^bs - y 64 + 6mo65 + ^mo^e + ^mobr 

10 , \ /^4 , , , , , , 4, 4 , 8, mo, mo, 
+ y m-o^s j ^ + ( 3 (-^0 -bD + bF + 61) - -62 + ^&3 + ^^4 - —b^ + —be 

- ^67 - ^mo68) cos(2£) + (^-1060 - 126d - 86^ + I661 + ^62 + 864 

2 / 64 32 128 

- 4mofe5 - -^rnobe - 2mobs + I -I660 - y 6d + 326i - —63 + - 8mo65 

8 , 32 , \ . / 80, 40, , , 40, 40, 

+ -^rnobj - ymobg j r + ( 206o + y^D + yV - 406i - y52 + —63 

160, , 10 , 10 , 40 , \ \ . , 

- + 10mo&5 + y'TioOe - i^rnQb-j + y moOs I J I sin(2£) , (A.19) 



e^p = {IQD^ + 32DF + 16^2) {bo + ^f) (1 - /) , 
el^ = (16L>2 + j7 + i6f2) (6d + 6f) (-1 + , 



e^^„ = (16L'2 + + 16^2) (6^ + bp) (-1 + /) , 

e^_f = (161)2 + + 16F2) (6^ + 6^) (1 - /) , (A.20) 
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U('4D^ + '4DF)bnU'4n^ + 32FAb,]I, 



C = y + DP) + (y + 16^^) b^ 



g D' + -^DF\ bo + ( —D' + 32F' ] bp ] I , (A.21) 



es,n = {8D'^ - ^GDF + 8F^) {bo - bp) + {-16D'^ + 32DF - 16F^) {bo - bp) I , 
el^ = (-8D^ + 16DF - 8F^) {bo - bp) + {IQD^ - S2DF + 16F^) {bo - bp) I , 



= (16D^ - 32DF + 16^^) (bo - bp) (1 - J) , 

= (8£>2 _ -^Qj^p ^ g^2^ f^f^^ _ f^^^ ^ (_i6r>2 ^ ^2DF - 16F^) {bo -bp)I , 
el^ = (-24£>2 + 48DF - 24F^) {bo - bp) + {32D^ - 64DF + 32^^) {bo - bp) I , 



U('-fD^ + 4DF)bo+('4D^ + 32FAbp)l, 



-Y{D' + DF) bo - + ISF^) bp - ^DHoI' 

512 

e^_^ = 32 [D^ + DF) bo + (161)2 + 48f2) bp + —D^dI^ 
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en,p = (-144L4 - 48L5 + 288^6 + 96Ls) ^ + (96L4 + S2L5 - 192Le - GALs) ^ 

+ (-i^^ + i^^ - - y '0 " '''' ^ '''' " '''' " '''^ 

+ (^(-64L4 + 128L6) || + (I28L4 - 256L6) ^ 

+ (4^y^ i'l^' + " " ~ ^^'^^ + ^^"^^ ~ ^^'^^ ~ ^^'^O 

+ ( (I92L4 + 32L5 - 384L6 - 64L8) || + (-256L4 - ML5 + bUL^ + USLg) ^ 



- 16 (di + d2 + ds) - 32d7 + [ (-64L4 + 128^6) + (I28L4 - 2561^) 
+ ((-32L5 + 64L8) |j + (-64L4 + 128L6) ^ 

+ (64 (-L4 + L5) + 128 (Le " ^s)) ^ + (^65 - y ^6 + ^67 + y ^s) 

+ 64di + 32^2 - 16^5 + 54^7) / , 



4/^ .X 16^ 10, 

3 (^5 - ^6) + —67 + —I 



+ 32di + 16^2 - 244 + 64^7 + ( (I28L4 - 256L6) || + (-256^4 + 512^6) ^ 



mo f 10 



(4^)2^2 V 3 



i 26 82 56 \ \ n 

■&5 - + 27^7 + -9-^8 j + 128di - 64d5 + 32^6 + 96^7 j 

+ ( (-I92L4 + 384L6) 1^ + (64L4 - 128L6) ^ + (32OL4 - 640L6) ^ 

+ (-y^5 + f &6 - fbj - y^g) - 128cZi - 32^2 + 80d5 - 48^6 

- 144^7)/ , 
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en,n = (-144L4 - 48L5 + 288L6 + OeLg) || + (-192L4 - 64^5 + 384^6 + 128L8) ^ 
+ (-96L4 - 32L5 + 192L6 + 64L8) ^ - (gfe^ + + §6, + ^63 

+ 69) - 16c?i - 32(^2 - 64(^3 - 244 - 364 - 44(^7 + ^(-64^4 + 128^6) 
+ (-I28L4 + 256L6) ^ - -^4^^ (465 + ^67 + + 69) - 644 - 164 

- 484) + (^(192L4 + 32L5 - 384L6 - 64L8) || + (32OL4 + 64L5 - 640^6 

- 128L8) ^ + (64L4 - 128L6) + ^865 + ^65 + 46? + 668 + 269 
+ 324 + 1284 + 164 + 484 + 804) I , 

w N f^D mo ( 17, 1, 35, 5, 1, 

.fi,„ = (32L5 - 64L») + + + Jf-^ - ^fv - 3!.= - f 

- 16 (di + (i2 + *) - 32<i7 + ( (-64L4 + 128L6) |i + (-I28L4 + 256L6) ^ 

'^0 /^^i, ,56j^ ,28j^ ,z.\ ^j^j ^ojA7-2 



(4^)2^2 \^465 + ^67 + -58 + 59J - 644 - 164 - 484 J / 

+ ((-32L5 + 64L8) || + (64 (L4 - L5) + 128 (-Lg + H)) ^ 

+ (64L4 - 128L6) ^ + (^465 + + ^67 + y 68 + 69 

+ 324 + 644 + 164 + 64d7) 1 , 



.It = - l!>2La) ( I + I) + (f + + f "7 + '{h + 



+ 324 + 484 + 644 + 244 + 644 + ^(128^4 - 256^6) 
+ (256L4 - 512L6) ^ + 77^^ (sh + ^67 + ^bs + 2bg]+ 1284 



F2 (471)2^2 V 27 ' 9 

+ 324 + 964) + ( (-I92L4 + 384L6) + (-384L4 + 768^6) 

\ TT TT 

+ (-I28L4 + 256L6) ^ - (1265 + + ^67 + f 68 + 369 

- 644 - 1924 - 324 - 484 - 1444) I ■ (A.23) 

For completeness, we also give the fourth order corrections to the meson masses in 
the form they were used to arrive at the quark mass representations of the baryon masses. 
More precisely, in the second order baryon mass corrections = 7^M|, we have 



-43- 



contributions from the meson masses Mj, = Mj> + mP , where M^p' is the fourth-order 

(2) 

correction. We remark that only the charged pion and kaon mass appear in the terms rrv^ 
due to our conventions. The generic form of these corrections is 

Mjf) = {alp + a^p + al^p M^^ M],^) 

+ {alp + a^p + M^+) 

+ {alp + af^p + mI+) 

+ {alp + af^p + aj^ a4+) /x^o 

+ (a^,p + af^p + M|.+ ) /x^ 

+ a^,p + a|^p + a^^ M^^ M|^+ . (A.24) 

The non- vanishing coefficients for P = tt"*", are 

11 2 1/12\ 
a^^+ = - + -/+- cos(2£) + ^ h -/ sin(2£) , 

<- = -9^+9^°^(^^) + 7i(3-9^j^^^^'^^' 
112 1 /I 2 \ 

= 6 + 9^-9 + 71 (3 " 8 ■ 

<. = 4^4-(2e) + -L(-i + ?,)si„(2.), 

= (-24 + 16/) L4 - 8L5 + (48 - 321) Lq + IGLg , 
= -16/^^4 + 32/L6 , (A.25) 
K 11 2,, 1/12\,, 

= 3-9^-9 + 7! (3 - 9O ""^''^ ' 



+ + cos(2e) + i= Q + ^/^ sin(2£) 



- -I - 



-167L4 - 8L5 + 327L6 + IGLg , 



al^+ = (-24 + 167) L4 + (48 - 327) Lq . (A.26) 

We note that in the isospin hmit m„ = m^, these formulas coincide with the ones in the 
classic paper [28] . We stress again that the Lj are the renormalized values taken at the scale 
A = mo and similarly for the chiral logarithms hidden in the jlp. These LECs are usually 
given at the scale A = Mp, with Mp = 770 MeV the p-meson mass. The corresponding 
/^-functions to evolve the Lj from A = Mp to A = mo are given in [28] . 

B. Analysis of tapdole graphs 

Here, we give a detailed analysis of the tadpole diagrams. Wc had already enumerated in 
Eq. (2.14) the terms in the dimension two Lagrangian that lead to a non-trivial quark mass 
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dependence of the baryon masses. Apart from the terms listed there, one also has terms 
with two covariant derivatives of the form (we stick to the labeling of [18]) 

£(2,2) ^ ^ (^Tr {B [u„ K, [L>^ [L>^ B]]]] } + Tr{B [D,, [D„ [u\ [u^, B]]]] } ) 
+ ^ (tv (5 [u^, {u,, [^)^ [^)^ B]]}] } + TV {5 [D,, [D^, {u^, K, B]}]] } 
+IV {B {u^, K, [D^, [L>^ B]]]}} + Tr{B [D,, [D„ K, {u^ 5}]]]} ) 

+ ^ (Xr {B{u„ {u,, [D>^, [D^ B]]}}} + Tr [D,, [D^, K, K, i?}}]]} ) 

+ ^ (iV {:Bu4 TV K [^^ [D", B]]} + Tr {Bu,} Tr{[D^, [D\ u'^B]]} 
+TV {B [L>^, [Z?,, u"]]} TV {u'^B} + TV (5 [D^, u,]} TV {[L>^ u'^S]} 
+TV{S[L>,,u'^]}TV{[L>^,u'^S]}) 

+ 6i9(Tr{:B[i)^,[D,,i?]]}TrKn'^} + Tr{:B[Z?,,i3]}Tr{[i)^,«^nn}) • (B.l) 



k 



Therefore, the tadpole diagram shown in Fig. 2 with the four-momenta 
as given there can lead to the following structures (we only display 
' I the non-vanishing ones) 

— 

P P f d^k i 

Aadpole ~ J ^-(2^ {l,k^,k^',kf,k^p^'p'',kf,k^p^'-f^'} _ ' 

Figure 2: Tadpole (B.2) 

S^^^P^- where the factors ~ k^ are generated from the chiral building blocks 

Ufj_ whereas the factors of stem from the covariant derivatives 

acting on the baryon fields. The terms ~ 1 stem from the explicit symmetry breaking ~ x+ 

encoded in the terms proportional to bQ^D,F- Upon integration over the meson momentum 

in the loop one obtains 

^1) ^ [ ^ i ^ 



with Ap given in Eq. (3.5). One sees that the terms with one or two derivatives generate 
quark mass dependent structures ~ Mp that can not be absorbed in the LECs of the 
terms ~ u^u^^ ~ k^k^. However, these additional terms are only of importance if one is 
interested in varying the quark masses (the procedure of retaining only the dimension two 
terms ~ ^1,2,3,4 in [18] for the analysis of the chiral expansion of the baryon masses was 
thus correct). Furthermore, Eq. (B.3) also shows that the quark mass dependence of the 
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terms with one or two covariant derivatives acting on the baryon fields is the same since 
the diagrams have to be evaluated on the mass shell, |i = mo, = m^. 



C. Renormalization and /3-functions 

Here, we briefly discuss the renormalization of the fourth order loop graphs. We use 
standard dimensional regularization, the UV infinities are mapped onto simple poles ~ 
1/ (d — 4) , where d is the number of space-time dimensions. This leads to the following 
representation of the fourth order LECs di in Eq. (2.16) 

rf^ = <(mo) + ^Z, (C.l) 

with L defined in Eq. (3.6) (remember that we work at the scale A = mo). The correspond- 
ing /^-functions are given by 

1 , 1 , 9 „ ^, 1 /7 23 . 9 o\ , 
618 4 4 V9 6 2 J 

+^ (-D^-FA+^(b,-\ 
24mo V3 y 24 V 3 ^ 

r, = i6, + ^of4„ + i(i + 50^ + 9F^)v + ^OJ=--^fe 



mo ' 16 \ 3 J 



16 

r. = -l(13i.-llM-|(;^OF-i„,o*c, 

11, 1, 35, 11, 1 /II , 1 /35 o . 

Ta = — bo - - bi 63 64 + -D bD [—D^ + F^ 

^ 18 " 4 ^ 108 ^ 18 ^ 3V12 ) 16mo V27 

mo / 1 , 35 , 11 , 

H - &5 H &7 H fes 

8 V2 54 9 

5 1 17 5 1 / 7 7 , ,\ 

Ty = -60 --61 63 - -64-3r>F6F + L>2-3F2 bo 

^ 6 4 36 6 2V18 3 / 

These agree with the /3-functions in [18] (if one makes use of Eqs. (5.12)) up to kinetic 
energy insertions and a few typographical errors in that paper. 
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